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Abstract

Exercises from Dustin Ross and Emily Clader, Beginning Algebraic Geometry.

0.1.1. Theorem. Addition and multiplication of polynomials on R[z;]7_; is a commutative ring with unity.

Proof. (Additive closure.) Addition is defined as ) aqz® + > box® = Y (aq + bo)x® (definition 0.4), but
(g, ba € R (definition 0.2), so a, + by € R (by the additive closure of the thing R). v/

(Additive associativity.) > aaz®+(>, bax® + Y, cax®) =Y, aax®+> . (ba+ca)z® =Y (aa+batca)z® =
Yoalaa + o)z + >, cax® = (3, aax® + Y, bax®) + >, car® vV

(Additive identity.) > aqz® +0=>"_ aqz® vV

(Additive inverses.) > aqx® + >, —aqz® = (aa —aq)z* =) 0% =0V

(Additive commutativity.) > aqxz® 4+ Y, bax® = > (a0 + ba)z® = > (ba + aq)z® (by commutativity of
addition in the ring R) and >__ (ba + aa)z® =Y, baz® + >, aaz® vV

(Multiplicative closure.) (3, aaz®) (34 baz®) = Y0 (o, tay—a Garbas) 2% and (3, 4 0. —o Garba,) € RV

(Multiplicative associativity.) (3, @az®) (X4 baz®) (X4 at®) = (a0 @az®) Y0 (Caitas—a baiCay) 2 =

>
Za (Za1+a2 —a @ (Z,B1+,(32 =ay b51652)) ¢ = Za (Za1+ﬁ1+,62=a aa1b51652>

whereas (2, az) (X, 002%)) (Lo ca®) = (Lo (T tagea Gorbas) 20) (5, caz®)
= S (Tarvosma (Sorsma 9905 ) car) 2 = T (T 11100 951 b2 ) 2

(“Commutative ring”.) (3°, aax®) (>, ba®) =D, (Za1+a2:a aalbaz) ¢

and (3, baz®) (X4 0at®) = Yo (Xa,tas—a borGay) 2% but aa,ba, = ba,aa, if the underlying ring R is
commutative. v’

(“With unity”.) (1z°) (3, aaz®) =3, (Za]+a2:a[a1 =0]ag,) z® =Y, aaz™ v
(Distributivity.) (3°, aaz®) (O_, bax® + -, caz®) = X, @az®) (O, (ba +ca)z®) =", (Za1+a2:a aoy (ba, + 0[12)) z
Za (Zal-i'az:a aalbo‘Q + a"‘ICQZ) = Za (Zou-l-az:oz aalba2)+za (Zaﬁ-az:a aalcoﬂ) = Za a’ab@xa+za aacama

v

0.1.2. f=ayz®>+ayz+ 23+ 2222 +y22 +2+2+1€ R[z,vy,7]
f=22+(ey+y+2°)22 + (zy + 1)z + (x + 1) € Rlz,y][]
f=(x+ 1)y +ayz+ 22 + 2222 + 2+ (x + 1) € R[z][y, 2]
f=2"+ (Y22 +yz+ Do+ (2° +y2 + 2 + 1) € Ry, 2][x]

0.1.3. Theorem. (3, cnn @ [[j— ?7)  Rlz]7_y — R[xj]?;ll [n] = D50 (ZQGN" a,—d O H] , )x‘fl is
a ring isomorphism.
Proof. (Addition.) ¢(>°,cxnn Ga H] 1T S+ penn ba H] 1T ) =03 penn (@a + ba )H] 12;7)
n—1
= Zdzo (ZaeNn,an:d(aa + ba) H] p ) g
n—1 o
= Ddz0 (ZaeN",aFd ao [Tjzy @ J) Th + Lazo (ZaEN" an=d b HJ 1T )xﬁ v

(Multiplication.) ¢ ((ZaeN" Gq H] 1 ?’) (ZaeNn ba H] 1% )) =0 (X0 i tas—a tarbay) %)

= 3 ( > aalbm)ﬁxaﬂ' zd (1)

d>0 \aeN" a,=d \a1+az=«

whereas



(Zdzo (ZaEN",an—d (,HJ 1z )17%) (Zdzo (ZaEN",an—db HJ ]z )xz) ... um, this is where it gets
tricky: we can’t trivially mechanically apply our formal definition of multiplication using multiindex notation to
a product not written in multiindex form. But R[z;]” = “![zn] is a space of single-variable polynomials (albeit with

funny-looking coéfficients); this shouldn’t actually be hard. It’s (3=, ara®) (3=, bra®) = > (Zlirij aklbk2) 27,
In this case, that’s

n—1 n—1
E g g Qo H x™ E ba H x® x’ (2)
J ki1+ko=37 \aeN" a,=k Jj=1 aeN™ o, =ko j=1

which is plausibly the same thing as (1), but the last few steps of showing the equivalency are not entirely trivial.
I don’t think you can “just factor out” the H] 11 2% from both inner factors, because the product over o € N such
that a,, = ki is not obviously the same as the one over @ € N such that «,, = ko ... or is it?

In (1), we’re looping through a € N™ filtered for «,, = d (the power for the last variable being d), and inside
that, looping through all ways two n-tuples a; and as can add up to «, and inside that, taking the product of the
coéflicients aq, bo, times the product of the first n — 1 variable powers.

In (2), we're looping through all ways k; and ke can add up to d, and inside that ... um, I don’t think verbal
restatement is helping here.

ChatGPT 03-mini-high is suggesting that we can rewrite the multiindex to split off the last codrdinate ...
[TODO: finish]

(Unity.) o(12%) = 12° v/

(Injectivity.) [TODO]

(Surjectivity.) [TODO]

0.1.6. Proposition. If R is not an integral domain, then neither is R[z;];.
Proof. If ab = 0 for nonzero a, b € R, then ab = 0 also in the constant subring of R|[x;];.

Proposition. If R is not an integral domain, then deg(fg) = deg(f) + deg(g) need not hold.

Proof. Suppose a,b € R are such that ab = 0. Then (ax + ¢) (bx + ¢) MJr (a4 b)ex + 2
\_v_/\_v_./

deg(f)=1 deg(g)=1 deg(f+g)=1#1+1

0.1.8. Theorem. deg(f + g) < max(deg(f), deg(g))
Proof. Suppose not: deg(f + g) > max(deg(f), deg(g)). Where would the highest-order term come from??

0.2.1. Theorem. R+ C R is a group under multiplication.

Proof. (Identity.) 1 € Rx because 1is a unit: 1-1=1. v

(Inverses.) Units are defined as elements that have a multiplicative inverse! v’

(Closure.) Suppose ujus € Rx*, and let w := ujus. Then ul_lw = uy and then uz_lul_
is an inverse for w. So w is a unit. v/

1 1

w = 1. But then u; 'uy

0.2.4. Theorem. f € K|[z] being a polynomial of degree 2 or 3, f is irreducible iff there does not exist a € K
such that f(a) =

Proof. (<) Suppose for the contraposition that f is reducible (not irreducible). Then f = gh for g, h € K[x]\ K.

Suppose deg(f) = 2. Then deg(g) + deg(h) = 2.

Suppose that deg(g) = 2 (without loss of generality, deg(h)). Then deg(h) = 0. But then h € K*. Contradiction!

Suppose that deg(g) = 1 (without loss of generality, deg(h)). Then g will take the form kiz + ko = 0 for some
k1,ke € R. But then z = _kk"‘ So then a := x is an a such that g(a) = 0 and thus that f(a) =

Suppose that deg(g) = 0 (without loss of generality, deg(h)). Then g € K*. Contradiction!

Now suppose that deg(f) = 3. Then deg(g) + deg(h) = 2.

Suppose that deg(g) = 3 (without loss of generality, &c.). Then deg(h) = 0. But then h € K*. Contradiction!

Suppose that deg(g) = 2 (without loss of ... &c.). Then deg(h) = 1. Then h will take the form kjx + ko =0 ...
&ec. as above.

Suppose that deg(g) =1 (without loss ...). Then g will take the form k1z + k2 = 0 ... &c. as above.

Suppose that deg(g) = 0 (without ...). Then g € K*. Contradiction!

(=) Suppose for the contraposition that there exists a € K such that f(a) = 0. [TODO: finish this direction;
we obviously know that (z — a) is going to be a factor for polynomials in R, but we need to prove it for the generic




ring over a field K|z]]

0.2.5. 2%+ 222 + 1 = (22 + 1)(2? + 1) € R[] has no zeros.

0.2.8. a. The units in Z[z| are the units in Z, +1.
b. Proposition. For n € Z, nz € Z[z] is reducible.
Proof. nx =n -z, but n,z ¢ {-1,1} = Zx

0.2.9. Theorem. Every field is a UFD.
Proof. Suppose nonunit € K had two factorizations, z = [[*, p; = H;.Lzl gj. Then [T, p; H;zn qj_1 =1.
But then z = [~ p; would have a (right) inverse, and be a unit. Contradiction!

0.3.2. Proposition. Ideals contain 0.
Proof. Ideals are closed under subtraction. So for ideal I, if a € I, then a —a =0 € I.

Proposition. Ideals are closed under addition.
Proof. Suppose x,y € I for ideal I. Then —1 = —y € I by multiplication absorption. Then z — —y =z +y € I.

0.3.3. Proposition. The only ideals of a field K are {0} and K.

Proof. {0} is an ideal of K: 0 —0 =0 € {0} and for all k € K, k0 =0 € {0}.

K is an ideal of K because closed under subtraction and multiplication. (Closure amounts to absorption when
considering a set as an ideal of itself.)

Suppose some nonzero k € K is in ideal I. Consider some other element h € K. By multiplication absorption,
%k:hel,soI:K.

0.3.4. Let ACR.

a. Proposition. (A) is an ideal of R.

Proof. We recall that (4) :={>"1"  ria;:n €N, r, € R, a; € A}.

(Subtraction closure.) For 7;, s; € R, a;b; € A, Y ;v ria; — > i sib; we can for j from 1 to n rename
Tiy; = —8; and a;4; := b; and get Z?:{n r;a;, which when written that way more obviously belongs to A. v/
(Multiplication absorption.) s> 1 ra; = > i, sra; € (A) v



